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Abstract 

We analyze the constraints of general coordinate invariance for quantum theories 
possessing conformal symmetry in four dimensions. The character of these constraints 
simplifies enormously on the Einstein universe R x S^. The SO {4, 2) global conformal 
symmetry algebra of this space determines uniquely a finite shift in the Hamiltonian 
constraint from its classical value. In other words, the global Wheeler-De Witt equation 
is modified at the quantum level in a well-defined way in this case. We argue that the 
higher moments of T^^ should not be imposed on the physical states a priori either, but 
only the weaker condition (T^^) = 0. We present an explicit example of the quantization 
and diffeomorphism constraints on R x S^ for a free conformal scalar field. 
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1. Introduction 

The equality of gravitational and inertial mass led Einstein to the unshakable convic- 
tion that any theory of gravitation must respect the Equivalence Principle. General 
coordinate invariance is the most elegant mathematical expression of the Equivalence 
Principle, and consequently it was to play a central role in the development of classical 
general relativity. In view of the importance of general coordinate invariance in the 
classical theory, and in the absence of any evidence that such a pivotal guiding principle 
should be abandoned a priori, it is natural to regard diffeomorphism invariance as an 
essential component of any proposal for a quantum theory of gravity. 

Unfortunately, although the Einstein theory is certainly coordinate invariant clas- 
sically, the status of this important invariance becomes obscured in the traditional 
approaches to quantization. If we look beyond the myriad of technical diflficulties in 
these approaches such as ordering ambiguities, choice of gauge, and the ill-defined na- 
ture of operators at the same spacetime point, the basic problem at their root is that 
there is no unique extension of the algebra of diffeomorphisms off-shell. As a result, the 
invariance or non-invariance of the theory becomes intertwined with the time evolution 
dynamics in a completely non-trivial way. Since it is virtually certain that the Einstein 
theory is only an effective theory which must be modified in order to construct a con- 
sistent quantum generalization, it is a great handicap to a wider exploration of possible 
quantum extensions to embed coordinate invariance so inextricably into the context 
of classical general relativity. Without a clear expression of the invariance principle 
in a mathematically consistent framework independent of dynamical assumptions, one 
cannot even "get off the ground" in quantum gravity. 

It is largely for this reason of formulating diffeomorphism invariance independently 
of detailed dynamics that the functional integral approach to quantization offers distinct 
advantages [1]. There one can see a clean separation of the problem into first deter- 
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mining the invariant integration measure on the space of metrics and then the action 
functional to be integrated. It is from the invariant path integral measure that one may 
extract most directly the important consequences of general coordinate invariance in 
the quantum theory. In particular, the introduction of the conformal parameterization 
of the metric, 

9ab{x) = e^^^-^gab{x), (1.1) 

leads quickly to the general form of the trace anomaly for matter fields in a curved 
background, and the effective action it induces for the a part of the metric [2]. The 
Faddeev-Popov ghost determinant arises from the change of integration variables rep- 
resented by (1.1), and it takes a form analogous to that in two dimensional quantum 
gravity {i.e. non-critical string theory) [1-3]. The conformal sector of quantum gravity 
in four dimensions may be studied then by methods closely paralleling those in two 
dimensions, where a great deal of progress has been made in the last decade. One con- 
sequence of this approach (in both two and four dimensions) is that although conformal 
symmetry is broken by the trace anomaly in a fixed background, conformal invariance 
is recovered when the quantum a theory is considered. In fact, the quantum a theory 
describes a conformal fixed point of quantum gravity where scale invariance is restored 
and the total trace anomaly of matter plus a plus ghosts vanishes [3] . 

These results strongly suggest that scale invariance should play an important role 
in the full quantum theory. Global scale transformations are in any case just particu- 
lar coordinate transformations of any spacetime that is conformally flat, of which the 
Friedman-Robertson- Walker metric of classical cosmology is a prime example. Hence 
conformal invariance should play a important role in the description of quantum grav- 
itational efi'ects in our Universe as well. 

Motivated by these considerations we study in this paper the constraints of coor- 
dinate invariance in theories possessing global conformal symmetry. Though powerful 

2 



and elegant, the functional integral approach leaves unanswered the question of the 
algebra of diffeomorphisms off-shell, the Hilbert space of states, and the physical states 
of any theory invariant under diffeomorphisms. Addressing these issues requires a 
canonical operator approach to quantization. By requiring that the trace of the total 
energy-momentum tensor vanishes and quantizing in the conformally flat Einstein uni- 
verse R X S^, we shall show that the constraints of diffeomorphism invariance vastly 
simplify and a detailed analysis of the constraints in four dimensions suddenly becomes 
possible. Otherwise we do not need to specify the Lagrangian nor supply any other 
dynamical information of the theory. Hence our framework and the results are quite 
independent of the Einstein theory (although it too is conformally invariant on-shell in 
the trivial sense that = follows by tracing the equations of motion) . 

The technical advantage of quantizing on the conformally flat spacetime R x 
is that it admits a complete classiflcation of states, labeled by the integers, accord- 
ing to their weight under conformal transformations. Hence, the constraint conditions 
may be solved level by level in a straightforward algebraic manner. On R x rigid 
conformal transformations are contained explicitly in the set of volume non-preserving 
reparametrizations of the spatial S^. Hence global conformal invariance is imposed as 
a direct consequence of diffeomorphism invariance, and conformal transformations are 
treated together with and on the same footing as any other coordinate reparametriza- 
tion under which the physical spectrum must be invariant. Moreover, the global con- 
formal algebra SO {A, 2) on R x contains the quantum Hamiltonian as one of its 
generators, and the conformal weights correspond to the eigenvalues of the Hamil- 
tonian. Because R x is a product space, the time translations generated by the 
Hamiltonian are not mixed with spatial reparametrizations and there are no opera- 
tor ordering ambiguities. This is an important feature of the approach since it allows 
us to determine the quantum Hamiltonian constraint uniquely and in a completely 
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unambiguous manner. 

In D = 2 when quantizing the Liouville theory on R x , the Lq condition on 
the physical states is modified by a finite c-number shift, which arises from the be 
ghost action needed for quantization in covariant gauges such as (1.1) [4]. We show by 
explicit construction that a similar well-defined shift in the Hamiltonian condition on 
the physical states occurs in D = 4. The source of this shift lies again in the gauge 
fixing procedure which results in a modification of the classical Lie algebra of the finite 
dimensional global conformal group 5'0(4, 2) at the quantum level in the ghost sector, 
i.e it arises from the covariant integration measure of the path integral for quantum 
gravity. 

This modification of the classical Hamiltonian constraint by the quantum measure 
is important because it demonstrates explicitly that the classical Hamiltonian con- 
straint cannot be maintained at the quantum level in general. Hence all attempts to 
implement the classical constraints of general coordinate invariance without attention 
to the algebra of diffeomorphisms at the quantum level must be viewed as question- 
able. In particular, in the canonical approach on R x one does not enforce the 
strong form of the classical time reparametrization constraint, = 0. Instead only 
the considerably weaker condition (T^^) = should be imposed on matrix elements 
between physical states, in analogy with the procedure in £) = 2. 

That strong vanishing of T°° cannot be imposed as an operator condition is 
clear enough, since it must have non-zero commutators in order to generate time 
reparametrizations in the quantum theory. That only the positive frequency compo- 
nent of should be required to vanish on the physical (ket) states is a consequence 
of the Dirac-Fock approach to the quantization of theories with constraints that we 
follow. Then the vanishing of the matrix elements of T^^ follows immediately from the 
fact that the negative frequency part T°°*^~) (being the Hermitian conjugate of T°°(+)) 
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annihilates the physical (bra) states acting to the left. However, there is no such con- 
dition on the zero frequency part which remains unfixed by this procedure, except for 
its spatial integral which is the Hamiltonian. Any condition on the full T^^ should 
emerge from the dynamics of the theory under time evolution, and not be imposed as 
a kinematical constraint in the canonical approach. 

The outline of the paper is as follows. In Section 2 we define the problem of 
the diffeomorphism constraints and classical Lie algebra of the global conformal group 
on R X S^, introducing necessary notation and properties of the spherical harmonic 
functions on which we require in the subsequent analysis. In Section 3 we discuss the 
modification of the classical algebra arising from the quantum measure, and construct 
the finite dimensional be ghost action whose quantization leads to the c-number shift 
in the quantum Hamiltonian constraint. In section 4 we derive detailed expressions 
for the moments of the constraints on for a massless, conformally coupled 
scalar field, illustrating the algebra of spatial diffeomorphisms at the quantum level 
in a specific example. We show that the surviving physical state of the scalar has a 
correspondence with an operator of well-defined scaling dimension in four dimensions. 
Some properties of the harmonics on needed in the analysis are given in the Appendix 
for completeness. 

This paper is paper I of two. In paper II we apply the general method of this 
paper to the analysis of the diffeomorphism constraints of the effective theory of the 
conformal factor generated by the trace anomaly. 
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2. DifFeomorphism Constraints on R x 

We follow the parallel of radial quantization in two dimensional conformal field theories 
and choose as our background spacetime the static Einstein universe RxS^ with metric, 



gab dx"" dx^ = -di^ + dVt^ , (2.1) 

where dO,^ is the standard round metric on the unit three sphere. In what follows 
we shall set the radius, of equal to unity, a = 1 and drop the overbar on the 
metric background where it causes no confusion to do so. This metric background 
is conformally related to ordinary Lorentzian flat spacetime in such a way that time 
translations in the static Einstein space correspond to global dilations of flat Minkowski 
space. This is most easily demonstrated by flrst continuing to Euclidean signature 
t — > —ir: 

dr^ + dn'' = e^^{dr^ + r^d^l^) = e''^ ds%t , (2.2) 



with 



r = e-^ . (2.3) 



This is very convenient for our purposes since it implies that the spectrum and eigen- 
states of the Hamiltonian operator on i? x S'^ are in one-to-one correspondence with 
the spectrum of scaling dimensions in the conformal held theory description. This is 
analogous to two dimensional gravity where canonical quantization was carried out on 
the cylinder RxS'^ [5]. 

The diffeomorphisms are generated by the energy-momentum tensor T"^. Given 
any coordinate invariant action the purely spatial diffeomorphism on the sphere is 
generated by the components of the energy-momentum tensor via 

X^ = - [ dn^iT^' . (2.4) 
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The commutator of two such spatial difFeomorphisms on is also a spatial difFeomor- 
phism, i.e. 

[iX^,iX^]^iX^^,C] , (2-5) 
where Q is the classical Lie bracket, 

[e,c]" = c'v6r-e'v6r , (2.6) 

in the coordinate representation. This relation must remain true at the quantum level in 
order for the algebra of spatial diffeomorphisms to remain free of anomalies, a property 
we shall check a posteriori. The fact that the algebra of purely spatial difFeomorphisms 
closes upon itself is essentially a statement of kinematics in that it must be true inde- 
pendently of the time evolution or detailed dynamics of the theory. 

Spatial difFeomorphisms may be divided into two classes: those which preserve the 
volume and those which do not preserve it. The volume preserving diffeomorphisms 
are generated by divergence-free transverse vectors, Vj^* = and form a subalgebra 
of all spatial diffeomorphisms. On the other hand the volume non-preserving ones are 
generated by vectors which are pure gradients, = Vi4>, and do not form a closed 
subalgebra since their commutators yields through their Lie bracket also the volume 
preserving ones. 

In contrast to the which generate spatial diffeomorphisms, the T°° component 
generates time reparametrizations which is intertwined with dynamics, and its commu- 
tator with gives rise to the space-space components T*-'. Indeed in flat spacetime 
the components of the energy-momentum tensor obey the classical current algebra [6] 

[T''{t, x), T'\t, x%iat = -i {T\x) + r°«(x')5^^) d^5\x - x') . (2.7) 

The brackets of the spatial components T*-' do not form a closed algebra in general. 
Rather the T*-^ contain information about model dependent dynamics over and above 
the constraints of diffeomorphism invariance. 
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The lowest moment of is simply the Hamiltonian 



H = - 



[ dnrjaT' 



lOa 



.00 



(2.8) 



J S3 



which generates rigid time translations in the product space (2.1), corresponding to the 
constant Killing vector 



We note from the classical current algebra (2.7) that in the special case of this lowest 
moment of the (and only for this moment), the Lie bracket again closes on the 
since H generates the time evolution via 



Classically demanding that the theory be invariant under both space and time 
coordinate transformations implies = = 0. These constraints are automatically 
satisfied for any classical metric theory of gravity since the equations of motion are 
T"'^ = 0. When we pass from the classical to the quantum theory the energy- momentum 
tensor becomes an operator and the Lie bracket becomes a commutator. We cannot 
impose the constraint of vanishing T°* as an operator condition because of its non-trivial 
commutators (2.5) and (2.7). As in Dirac's approach to the Gauss Law constraint in 
electrodynamics or the quantization of two dimensional gravity, our strategy will be to 
demand instead that the generators of the spatial diffeomorphism symmetry at a 
fixed time vanish weakly on the physical states. In other words, we shall require that 
all matrix elements of the spatial diffeomorphism generators between physical states 
vanish, although the operators themselves do not vanish. A sufficient condition for the 
weak vanishing of the matrix elements of the diffeomorphism constraints is that the 
positive frequency part xi^^ of the generators annihilate the physical states, i.e. 



(2.9) 



[H,X^] 




(2.10) 



Xf'\phys) = 0. 



(2.11) 
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This amounts to imposing invariance of the quantum theory under infinitesimal spatial 
reparametrizations. The unambiguous separation of into positive and negative 
frequency components is possible only on a product space such as R x possessing 
the timelike Killing vector (2.9). The zero frequency components must be treated 
separately. 

Because the commutator of T'"^ does not form a closed algebra with the T^* off- 
shell, but instead brings in other quantities which involve dynamics, we cannot impose 
the local Wheeler-De Witt condition that T°° (and all of its moments) vanish on the 
physical states [7]. Moreover, we should expect that the classical Lie bracket in (2.7) 
is generally modified at the quantum commutator level by anomalies. The well-known 
trace anomaly is the simplest example of these modifications to the classical algebra 
which must be taken into account in the quantum theory. Far from being kinematic 
in nature the exact form of such modifications to the classical algebra depends upon 
dynamics, and is therefore non-trivial. Hence the T°° and T*-' cannot be imposed on 
the physical states a priori without in effect knowledge of the full quantum theory right 
from the outset. 

However, most of the classical time reparametrization invariance is recovered in the 
quantum theory by the imposition of the volume non-preserving spatial diffeomorphism 
constraints since 

/ dfl (Vi0) = dt [ dn(j) T°° = , (2.12) 

for time-independent (j). By Fourier transforming in time it is clear that this relation 
together with (2.11) guarantees the weak vanishing of all the matrix elements of T°° 
containing non-zero frequencies, 

{phys'\t^\phys) = . (2.13) 

Hence, not the Wheeler-De Witt condition of vanishing but the weaker condition 
of vanishing matrix elements of 7"°° is imposed on the physical Hilbert space of states. 
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The zero frequency component of is not fixed by this condition. Finally, the 
lowest moment of the zero frequency component, the global Hamiltonian constraint of 
vanishing H also should not be imposed uncritically on the physical states. We shall see 
precisely how it should be modified by a finite subtraction in the quantum treatment 
of the next section. 

It is instructive to compare and contrast this situation in four dimensions with 
two dimensions, on i? x [4]. In D = 2 the space-space component T^^ is determined 
by T°° and the trace of the energy-momentum tensor, which is zero classically for 
confer mally invariant matter. This means that there are no new operators in the 
spatial components and the full energy- momentum algebra does close. In fact, the 
moments of T°° and are 



00 _ r „-iNt I f „iNt 

(2.14) 



T"" = L e"''^* + L e 



rpOl _ r p-iNt _ T iNt 



where and L_j^ are the Virasoro generators for left and right movers on the circle 
S^. Quantum mechanically there is an anomaly which appears only in the form of a 
c- number central extension of the classical algebra (2.7). In fact, the Virasoro algebra. 



for both the left and right movers implies (at t = 0), 

but 



(2.15) 



Therefore, the purely spatial quantum algebra is identical to the classical Lie algebra 
(2.5) and free of any anomaly, but the second commutator (2.15) acquires a quantum 
correction with the central charge c proportional to the trace anomaly coefficient. The 
resulting algebra of both space and time reparametrizations is a local conformal algebra 
which has non-trivial representations in conformal field theories. This local Virasoro 
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algebra is also isomorphic to that obtained from the positive and negative frequency 
spatial moments (L^ and Lj^ with N positive or negative respectively) of the 
only. Moreover, the Hamiltonian operator H {— Lq + Lq in D = 2) requires a finite 
subtraction. In D = 4 there is no infinite dimensional local conformal symmetry, but 
there is still a global conformal group of which H is one generator, which results from 
the separation of the moments of into positive and negative frequencies, as we now 
show. 

The symmetry group of the spatial is 0(4) ^ SU{2) x SU{2)/Z2, and we shall 
make extensive use of this symmetry group in our development. The finite dimensional 
representations of SU (2) x SU (2) are characterized by two angular momentum quantum 
numbers (Ji, J2) with Ji and J2 taking on integer or half-integer values. The scalar 
spherical harmonics on belong to the (J, J) representation of SU{2) x SU{2). We 
denote these scalar harmonic functions on by Yjmm' where m and m' are the 
magnetic quantum numbers of the two SU{2) subgroups, or more compactly by Yjm 
with M = (m, m') denoting the pair of SU (2) magnetic indices taking (2 J + 1)^ distinct 
values in total. Explicit representations for the Yj^^ will not be needed, but are given 
for completeness in the Appendix in terms of standard SU (2) transformation Wigner 
D functions, where further properties of these functions are catalogued as well [8] . 

Because R x S^ is conformally flat, it has fifteen conformal Killing vectors 0;^, 
satisfying the conformal Killing equation. 



the maximal number for a four dimensional manifold, and the same number as fiat 
Minkowski spacetime. Corresponding to each conformal Killing vector there is a 
Noether charge. 



{Luj)ah 



(2.16) 
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which is time-independent because of the conservation of the current, uJbT^'' upon using 
(2.16) and T« = 0. 

The six purely spatial Killing vectors of (which are conformally mapped into the 
three rotations and three boosts of Minkowski spacetime) clearly satisfy this equation. 
These six solutions of (2.16) have vanishing time component and may be denoted as 
p = (0, p*) where the spatial index i runs from 1 to 3. It is not difficult to find an 
explicit representation of the in terms of the Yjj^ harmonic functions on S^: 

pL,m, =^T>^|M,V^r.M, (2.17) 

where V = 27r^ is the volume of the unit S^. This anti-symmetrized form makes it 
clear that 



P M1M2 



Vj „^ = and 

where V is the covariant derivative with respect to the round metric on . In addition, 
because of eq. (A. 6) of the Appendix, the p* obey the symmetry relations, 

PmiM2 ~ ~PmiM2 ~ ~^Mi^M2P-M2 -M^ " (2.19) 

These relations together with (2.18) reduce the number of linearly independent real 
vectors to precisely the required six Killing vectors of S^. 

The constant Killing vector (2.9) which generates time translations on Rx and 
is conformally mapped to the global dilation generator of flat Minkowski spacetime is 
clearly a solution of eq. (2.16) as well. 

The remaining eight proper conformal Killing vectors, denoted by k*^^^ are easily 
found in terms of the spherical harmonics on in the form, 

«(+) = -^e^* (yr , ^vrr ) = , (2.20) 

These eight k^^^ correspond in flat space to four translations plus four special conformal 
transformations, and satisfy 

V«<(±) = + V, = ±4m0j±) . (2.21) 
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Together these 6 + 1 + 8 = 15 conformal KiUing fields generate the Lie algebra of 
the SO {A, 2) group of conformally flat 4 dimensional spacetime. Classically this may 
be seen at the level of the algebra of the Lie derivatives. Recall that the action of an 
infinitesimal coordinate transformation generated by an arbitrary vector ^'^ on a field 
density is 

5^</' = rVa(/>+f(/>(Van , (2.22) 

where w is, by definition, the conformal weight of (f). From this definition we find that 
the effect of two infinitesimal transformations ^ and C performed in different orders is 



(2.23) 



where [^, Q is the classical Lie bracket defined by (2.6). 

If we now use these general properties of Lie derivatives applied to the 15 conformal 
Killing fields of i? x 5^, we find 



77 



r/^M 



'MM2 Ml ^Mi^M2 M -M-i'^-M2 



'm^mJ^m^m^ + permutations , 



(2.24) 



with all other Lie brackets vanishing or obtained from these by symmetry relations. 
This classical algebra of Lie brackets is isomorphic to <S'0(4, 2) and will go over to the 
quantum commutator Lie algebra with the important modification of a c-number shift 
in the right side of the second relation in (2.24), as we shall show in the next section. 

The quantum generators corresponding to these 15 conformal Killing vectors may 
now be constructed. The Hamiltonian has been given already by (2.8). The generators 
of rotations on are 



^Mj_M2 — ^Pm^M2 



53 



i Ml M2 



(2.25) 
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which are time-independent volume preserving difFeomorphisms. Since the physical 
states must be invariant under these particular volume preserving spatial difFeomor- 
phisms, we require 

R^^^^\phys) = ^. (2.26) 
The generators of the eight proper conformal Killing transformations are 

K(±) = - / dfi4±]T«« 

M I O, M 

dn4^(T00±zaiT00) 
S3 (2.27) 



JS3 



'S3 



where we have used (2.20), the conservation of T"-^ an integration by parts, and the 
following definition for the moments of the time derivative of the energy density: 

ti+) = -i^ f dnr*^ aiToo(+) . (2.28) 

J S3 

In passing to the third line of (2.27) we have also made use of the fact that the Noether 
charges K^^^ are time-independent, so that the exponential time dependence in Kq^^ 
must be canceled by that in T°°. In other words, the act as projectors onto 

time dependence exp(=Fzt) of 5tT°° which selects precisely the positive or negative 
frequency moments, of the last line, provided the energy-momentum tensor is 

traceless. Hence the positive frequency component, K^m^ is just proportional to Tj'^ 
for J = and is automatically enforced to vanish on the physical states from our 
general condition (2.11). 

The above discussion shows that 8 + 6 = 14 of the global special conformal trans- 
formations of Rx are identified with the lowest moments of spatial diffeomorphism 
generators X^, once they are separated into positive, negative and zero frequency com- 
ponents. Together with the Hamiltonian H they form the Lie algebra of the global 
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conformal group SO {4, 2). In two dimensions the conformal group is infinite dimen- 
sional, and this identification of diffeomorphism generators with conformal group gen- 
erators is extended to all higher moments. There are an infinite number of conserved 
currents and charges of the conformal Virasoro algebra, and as shown in (2.14) they 
are in one-to-one correspondence with the generators of positive, negative and zero 
frequency spatial diffeomorphism generators, together with the Hamiltonian Lq + Lq. 
This extended Virasoro algebra is also essential to the understanding of the invariance 
of the theory under finite diffeomorphisms. As we see by the above discussion, this 
situation does not generalize to higher dimensions, where the conformal group is finite 
dimensional. This means, in particular that the commutators of the higher moments of 
the separate positive and negative frequency components of the spatial diffeomorphism 
generators X^^-* do not necessarily form a closed algebra, or if they do, this algebra 
is unknown. Hence the full algebraic structure of diffeomorphism invariance in four 
dimensions is not determined by our approach, and remains an open problem. 
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3. The Quantum Hamiltonian Constraint 

In this section we wish to calculate the quantum contribution to the Hamiltonian 
constraint on the product space Rx S^. The Hamiltonian physical state condition will 
be of the form, 

H\phys >= a\phys > 

where a is the finite subtraction constant we wish to determine. The classical value 
of a = will turn out to be untenable at the quantum level. As in string theory on 
the two dimensional world sheet, this subtraction may be determined by consistency 
with the global conformal algebra of the Fadeev- Popov ghost-antighost system. Before 
entering into the detailed analysis of ghosts, let us give a heuristic argument why a 
value different from zero should be expected, based on experience in D — 2. 

Any physical state in a diffeomorphic invariant theory should be created by an 
invariant scalar, which may be expressed as the spacetime integral / d'^x of an oper- 
ator with conformal weight 4 {i.e. a volume density), operating on the vacuum state 
invariant under the symmetry group of R x S^, |0), 

\phys) = O40) , (3.1) 

which is annihilated by H, 

H\0) = . (3.2) 

Now under the conformal transformation which maps i? x 5'^ to flat Euclidean space 
(2.2) the Hamiltonian generator of time translations is mapped to the global dilation 
generator of flat space, which we denote by H. In particular this means that in flat 
space 

[^,04] =4(54, (3.3) 

with = x"' and w = 4 in eq. (2.22). Performing the transformation of this relation 
back to R X allows us to remove the overbars. Then operating on the invariant 
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vacuum and using (3.1) and (3.2) yields 



H\phys) = 4:\phys) . 



(3.4) 



We conclude on the basis of these simple dimensional considerations that a — 4. 

This interpretation is completely consistent with the corresponding value of H 
in closed string theory, namely 2 on the world-sheet of 2 spacetime dimensions. At 
the canonical algebra level this 2 arises from the anomalous commutator in the global 
conformal algebra SUl{1,1) x SUr{1,1) = <S'0(2,2) of the ghost energy-momentum 
tensor, introduced in order to fix the gauge completely in path integral quantization 
of the string. There is no anomaly in the global algebra of matter energy-momentum 
tensors, so that the ghosts alone contribute to the shift of a to 2 from its classical 
value of 0. In order to justify the heuristic dimensional argument leading to eq. (3.4) 
we shall need to carry out the analogous construction of the ghost energy-momentum 
tensor and the global algebra of its moments in four dimensions. 

Let us first recall the quantum measure in the path integral over metrics in the 
conformal decomposition (1.1). In several earlier papers [1-3] we introduced the natural 
orthogonal splitting on the space of metric deformations induced by this decomposition, 
namely. 



where h^^^ is a transverse, tracefree symmetric tensor, and L is defined by (2.16). Then 
the path integral measure on the space of all metrics may be written as a product over 
the three coordinates (cr, h-^) together with a Jacobian for the change of coordinates, 
given by 



where the prime indicates the restriction to the non-zero mode subspace of the operator 



5gab = {25a + ^V^C) 9ab + {LOab + ^a6, 



(3.5) 




(3.6) 
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L defined in (2.16). The two operators L and are individually conformally covariant, 

L = e^''Le-^'' , = e'^'' e^'' , (3.7) 

although their product L is not. Let us remark that since L maps vectors into 
symmetric, traceless tensors and maps traceless, symmetric tensors into vectors, 
there is no meaning to the determinants of each of these operators individually. How- 
ever, because of the one-to-one correspondence between eigenvectors of L^L, ^^^^ with 
eigenvalue A and eigentensors of LLT in the range of L by the relation, 

(LLt)(Le^^)) = L(LtL)e(^) = A(Le(^)), (3.8) 

the spectrum of L<L is the same as that of and the determinants of these two 

operators are equal when restricted to their non-zero mode subspaces. Hence the 
Jacobian (3.6) may be reproduced by introducing the ghost action, 

Sgh = J d^x^ h^^{Lc)o^p , (3.9) 

where all fields and operators now transform covariantly under the conformal decom- 
position (1.1). The integration over the anticommuting Grassman fields h"^^ and Cq, 
restricted to the non-zero mode subspaces of L and Lt, yields precisely the Jacobian J 
of eq. (3.6). The normalization factor in Sgh is arbitrary at this point, and is chosen 
in order to yield a conveniently normalized hermitian energy-momentum tensor for the 
ghosts below. 

One complication to this ghost construction arises from the zero modes of L and 
Lt. The zero modes of L in (2.16) are the conformal Killing vectors uj of the back- 
ground corresponding to the generators of the finite dimensional global conformal group 
50(4, 2) in the conformally flat R x metric. The zero mode space of Lt is spanned 
by all transverse, tracefree symmetric tensors which is an infinite dimensional space 
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for Z) = 4. The reason for the difference with D = 2 is clear: there are no physical 
transverse graviton modes in D = 2 where all metrics are locally conformally flat. It 
is only by including the contributions of the zero mode spaces of L and that the a 
dependence of measure may be extracted in the form of a local action r[^; a] and the 
gravitational measure presented in the factorized form, 

[Vie^^-g)] = e-^[^^-l ( ^ ) Vol{Diffo)] [Da] [Dg^] . (3.10) 

\aet < ujjlujk > J g 

In this form the integration over the gauge orbit of coordinate diffeomorphisms Vol(Diffo) 
(continuously connected to the identity) has been factorized explicitly and may be di- 
vided out. The cr dependence of the measure is expressed purely by the local action 
r[^; o"] which was obtained in refs. [2] and [3], and is studied in detail in paper II. 
The physical graviton modes are contained in g-^ which must be integrated with the 
measure Vg-^ together with some invariant local action Sinv[g] in D = 4. 

The existence of a finite number of conformal Killing vectors Nckv = 15 means 
that the dimension of the range of L has decreased by Nckv from the generic non- 
conformally flat background metric. Since the dimension of the space of metrics should 
not decrease discontinuously by increasing the symmetry of the background through 
continuous deformations, these Nckv diffeomorphisms should reappear in the other 
parts of the general decomposition of metric deformations of (3.5). Phrased differently, 
when there are Nckv zero modes of L the condition that the traceless part of 5gab 
satisfy the Lorentz-Landau gauge condition 

V^'h^, = (3.11) 

does not fix the gauge completely, and there should be precisely Nckv additional 
transverse, tracefree tensors h^^ (or scalars a) corresponding to this residual gauge 
freedom. It is not difficult to construct the transverse, traceless, symmetric tensor 
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corresponding to each CKV of i? x 5"^. To do so let us present the general /i^^ in the 
form, 

where the hj^ are transverse and traceless with respect to the spatial metric on 5^, 
and 

ii = VjV* 

(3.13) 

Vi = ^ViU 

are the conditions that hab be transverse with respect to the full four- metric on i? x S'^. 
Now the key observation in the construction is to recognize the similarity between the 
transversality conditions (3.13) and the time-time and time-space components of the 
conformal Killing equations (2.16) Leu = 0, namely, 

(3.14) 

oji = ViUp . 

By identifying 

u — > 3a;°, and 

(3.15) 

Vi LOi 

we observe that any solution of (3.14) generates a transverse, tracefree tensor (3.12). Of 
the infinite number of transverse, tracefree tensors satisfying (3.13) we thereby select 
only those satisfying also the space- space part of Lu — 0, namely 

ViiOj + VjUi = \gij{Co^ + Vfccj'^) = loijVk^^ . (3.16) 

and no hj^ physical graviton component. 

Since Rx has exactly Nckv = 15 solutions of the equations (3.14) and (3.16), 
the above identification constructs exactly 15 transverse, tracefree tensors correspond- 
ing to the conformal Killing vectors. The fact that these transverse tensors are in 
one-to-one correspondence with conformal Killing vectors and independent of the de- 
tailed dynamics of the physical graviton modes implies that they should not appear 
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in the expansion of any generally covariant action around a background possessing 
these conformal Killing symmetries. Indeed, we have checked explicitly that for the 
Weyl tensor squared action, when expanded to quadratic order around R x these 
15 tensor modes drop out of the quadratic action, i.e. are solutions of the differential 
equation obtained from the action. These 15 solutions are the only modes which are 
not in the ordinary physical space of solutions of the fourth order wave equation of the 
linearized Weyl theory. 

In the case of the Einstein-Hilbert action the Rx geometry is not a solution of 
the equations of motion in the absence of matter. However, if a positive cosmological 
term is added to the action then de Sitter spacetime is a conformally flat solution with 
the global topology of i? x 5^, possessing exactly 15 conformal Killing vectors. In the 
expansion about this background one finds once again exactly 15 modes (10 in and 
5 in cr in this case) which drop out the quadratic action, and which are not contained 
in the ordinary hjj^ physical graviton solutions of the wave equation. 

With this understanding of the origin of the ghost action (3.9) in the covariant 
path integral and the special role played by the zero modes of L we turn now to the 
canonical quantization procedure on the space R x S^. The ghost system must be 
quantized together with the a, and matter fields of the theory. The equations of 
motion for the ghost field Cq, obtained by varying Sgh with respect to 6"^ is 



so that Cq may be expanded in terms of the 15 conformal Killing vectors oi Rx S^, 



{Lc)a/3 = , 



(3.17) 



c"(x) = r7" co + p' 



M2 



(3.18) 



The tensor ghost field bap may be expanded then in the corresponding 15 transverse, 
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tracefree modes constructed by relations (3.12) and (3.15) above: 
600 (x) = uobo + {x) + u*^ {x) b]^ 

boi{x) = Vi ^^^^ [x) b^^^^ +Vi ^ [x) b^ + V* ^ [x) (3.19) 
K i^) = hij («o bo + (x) b^ + u*^ (x) . 

The normalization of the tensor modes may be fixed by taking 



(3.20) 



„,i _ 2 i(-) 

SO that the variation of the ghost action takes the canonical form, and canonical anti- 
commutation relations may be imposed: 

{bo, Co} = 1 

{K, ,cij = {bi^ , J = 6^^^^ (3.21) 

where is defined in (A. 6). 

The energy-momentum tensor of the ghosts obtained by varying Sgh is 

T^h = ^ (Va(6'^'^c") + 26(rV'^)c« - ^6'^^VaC«^ . (3.22) 

By substituting the mode expansions (3.18) and (3.19) into this expression and using 
(3.20), (2.17) and (2.20), we obtain 

H'^^ ^ I dn: T«o := ^ (fe^c^ + 4&m) , (3-23) 

which is the Hamiltonian of the finite dimensional ghost system in normal ordered form. 
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The other non-vanishing moments of the ghost energy-momentum tensor we require are 

M "'MM' 
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(3.24) 



= 2clbo + cobl + (2c^^,bl + cl,b^,^) 

M' 

and 

Km. ^ -I dnp,^^^^ iT^l[b,c]-T^l[c,b]) = 

M 

-{b^c) , 

(3.25) 

where this last expression has been anti-symmetrized in the ghost and anti-ghost op- 
erators. 

With these expressions for the generators of the global conformal group, and mak- 
ing use of the properties of the first few scalar and vector harmonics catalogued in the 
Appendix, it is a straightforward (but tedious) exercise to compute their commutators 
and verify that they do close to the algebra of 5'0(4, 2) with the important modifica- 
tion of a c-number shift of —4 in the Hamiltonian H^'^. This shift may be found by 
calculating the commutator, 

. Kl-J = 2^-,M, (H^' - 4) + 2i?i;^^ (3.26) 

The most rapid way to obtain the shift of —4 is to calculate the expectation value of 

the above commutator in the ghost vacuum state which is annihilated by the positive 

frequency destruction operators, and bj^ while for the zero frequency operators it 

may be chosen to obey (see eqs (3.21)): 

co|0) = c^^^jO) = but 

(3.27) 

(0|6o = {0\b^^^^ = . 
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This state is invariant under the maximal subgroup of SO {A, 2) generated by H^'^, K^~^^^^ 



and . Then we find 

Ml M2 

(0| KV^N^t^^'] |0) = 2(0|6^^co46o|0) + 2 J](0|6^^^c^c^^^,6tjO) 

MM' 

= -25 -2^(5 5 -5 5 \ (3-28) 

-^"MiMj ^ / ^ V "Ml Af9 ^M'M' "MiM'"m'M2J 
M' 

^^MiM2 

which is equivalent to a shift of —4 in H^'^ from (3.26). 

The shift of —4 is completely quantum mechanical in origin and comes only from 
the be ghost system. Matter fields exhibit no such shift, as we shall see explicitly in 
the example of the next section and in paper II. As a consequence, the Hamiltonian 
constraint which is the lowest moment of the classical Wheeler-DeWitt condition T°° = 
is modified by a definite c-number shift, and obeys (3.4) on any physical state of a 
coordinate invariant theory with zero energy-momentum trace = on R x S^. 
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4. Quantization of a Conformal Scalar on R x 

As a concrete realization of the general structure of the diffeomorphism generators on 
Rx we present here the results for the Fock representation in the simplest example, 
a conformal free scalar field with action, 

S=-\j dt'x^ (^"^V,W6$ + . (4.1) 

On R X with unit radius, the field $ may be expanded in functions of the form 
exp(— ^a;^)Y'^J^^, and the wave operator □ — 1 factorizes as 

(□ - l)eM-i^t)yjM = - (2J+ 1)') exp(-za;t)y,^ , (4.2) 
so that ^» may be written in terms of creation and destruction operators 

1;^ V2(2J + 1) y '^^^'^^'^ + ^jm^jm) ' K^-^) 
obeying canonical commutation relations 

The (normal ordered) energy-momentum tensor for the scalar field is 

rj^ab ^. |v«$V^$ - I^VV^* - y^'' ((V$)2 + J$2) + : , (4.5) 

which is classically traceless. Furthermore, all three curvature invariants appearing in 
the trace anomaly, CabcdC''^'"^, Di? and G = RabcdR"'""^ - ^RabR''^ + vanish on 
R X S^, so that the trace of the energy- momentum tensor (4.5) also vanishes in the 
quantum theory: 

T^ = on RxS^. (4.6) 
On 5"^ with unit radius, i?oa = 0, Rij = 25^ and the energy density becomes 

r"0| =: _ ^ Y^V^($^) : , (4.7) 
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while 



-lOil 



' RxS^ 



(4.8) 



Substituting the mode expansion (4.3) into (4.7) we form the moments, 



J2M2 



+ (Jl - J2) 



(Jl + J2 + l)2- Jj(J+l) 



J\>J2 



as defined by (2.28). Here the notation 



JM — r J -M 



(4.9) 



(4.10) 



has been used, and the symbol C is an 0(4) angular momentum coupling coefficient 
defined by 

J_^\ j ^^^^ ^JM^JlMi ^J2M2 

(4.11) 



^JiMiJjMa — /TTTT — , t — T-TT / _ . JiMj J2M2 



V(2Ji + l)(2J2 + l) Jsa 



1 



=C1 



Jm' 



where eq. (^.7) of the Appendix has been used and C denotes an ordinary SU{2) 



Clebsch- Gordon coefficient. In the case of the lowest non-trivial moment J = ^ we 



obtain the realization of the conformal generator i^^-* in (2.27) for the conformal 
scalar field. 



JM1M2 



J+^MiJM2 ' " ' ■ JM2 



(4.12) 



As discussed previously the moments Tj^+Tjj^ generate the volume non- preserving 
spatial diffeomorphisms on S^. The volume preserving diffeomorphisms are generated 

by Xy* = X[+J + X\-} with 

^Jl^lJ2M2 {(<^1 - J2)^J,M,Vj2M2 + (<^1 + + l)<^j,M2^^lMi } 

(4.13) 
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JM 



J2M2 



where the couphng coefficient with the transverse vector 0(4) spherical harmonic iV}^ 
is defined by 

^'jXj.m. " 2V (2Ji+l)(2J.+ Ty Za ^^'^ ^'^-^ ^^^^^-^ • ^^-^^^ 
Relevant properties of the transverse vector harmonics on are given in the Appendix. 
The lowest moment of the volume preserving diffeomorphisms corresponding to = p* 
of eq. (2.17) are precisely the 6 rotation generators of 5'0(4) for the conformal scalar 
field, 

^M,M, =1 E / d^P^M.Mjj^'^iYjMMM.VjM, ■ (4-15) 
JM3M4 '^^ 

Finally the Hamiltonian generator for the conformal scalar field on RxS^ is simply 

H-J2^2J+^WLfjM ■ (4.16) 

JM 

With the generators of the SO {A, 2) global conformal algebra for the scalar field (4.12), 
(4.15) and (4.16) in hand, one may verify that the quantum generators obey the al- 
gebra corresponding to the classical Lie brackets in (2.24), using the properties of the 
harmonics listed in the Appendix. There is no shift in the Hamiltonian for the matter 
field, in contrast to the —4 found in the be ghost calculation of the previous section, 
since there is no analog of the ghost operator ordering question in the scalar sector. 

We remark that the classical algebra of spatial diffeomorphisms as given by (2.5) 
is respected by the sum of positive and negative frequency generators constructed from 
the scalar field Fock operators above. However, taking commutators of the higher 
moments with separate positive and negative frequency parts of the diffeomorphism 
generators yields complicated expressions with no clear algebraic structure apparent, 
in contrast to the case in two spacetime dimensions where the full Virasoro algebra 
emerges this way. As mentioned in Section 2, whether or not such an extended algebra 
should exist, and if it does not what the consequences would be for the consistency of 

27 



reparametrization invariant quantum theories in four spacetime dimensions remains an 
interesting open problem. 

In order to illustrate the method for constructing physical states which are invari- 
ant under infinitesimal coordinate diffeomorphisms, let us now apply the constraints 
to the general states of the matter field in the absence of gravitational field modes. 
The matter states are constructed in the usual way by operating with any number of 
creation operators <^J^ on the Fock vacuum obeying 

<Pjm\0) = 0, (4.17) 

on which H, and Rm^m2 ^^'^ vanish. In analogy with the canonical method in 

two dimensions we define the level of any eigenstate of the Hamiltonian by its integer 
eigenvalue, 

H\N) = N\N) . (4.18) 

From the expression for the scalar field Hamiltonian (4.16) we observe that each cre- 
ation operator contributes 2J + 1 units to the level of the state. Hence we may find 
the physical states of the scalar field by writing first the general linear combination of 
creation operators that create a given level N state, and then applying the diffeomor- 
phism constraints to relate the coefficients of the linear combination of coefficients at 
this level, to see which states survive. This procedure is best carried out by beginning 
with the lowest levels and moving up in N one unit at a time. 
At level one the only possible state is 

|l) = 4o|0) (4.19) 
which survives imposition of all the spatial diffeomorphism constraints 

^jM|l) = ^it;|l) = 0. (4.20) 
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At level two the general state is of the form 

|2)= («(4o)'+/?m4^)|0) . (4.21) 

Requiring that Tij^ on this state vanishes yields Pm = 0, whereas the first term in the 
combination survives all the constraints for general a. 
At level three the general state is 

|3) = (a'iiflf + P'mAoAm + 7m^Im) |0) • (4-22) 

Now the application of the Tij^ and Tim constraints require = 7^ = while the 
first term again survives all the constraints. Indeed applying the higher J constraint 
first eliminates the 7^ term and then the (3'^ term is eliminated for the same reason 
as at level 2. 

Continuing in this way it is not difiicult to convince oneself inductively that the 
only state at level N which survives all the spatial diffeomorphism constraints is 

\N) = (4o)^|0) • (4.23) 

That this state does indeed satisfy all of the spatial constraints is easy to see directly 
from the forms of (4.9) and (4.13). For example, in the first term of Tjm only non- 
trivial terms result from commuting the destruction operators with Ji = J2 = through 
the creation operators in (4.23) above. But then the coupling coefficient C is non- 
vanishing only for J = which is multiplied by the coefficient [(Ji — J2)^ — | J(J + 1)] = 
0. In the second term of Tj^ for the same reason only Ji = can contribute, but 
then the condition Ji > J2 cannot be satisfied. Similarly neither term of the volume 
preserving diffeomorphisms (4.13) survives when operating on the state lA'") above, 
which therefore satisfies the physical state conditions, 

TjlJ|A) = xi+i|A) = 0. (4.24) 
29 



It is perhaps noteworthy to remark that even though we have not imposed the full time 
reparametrization constraints {N'\Tjj^\N) = and indeed have argued in the previous 
sections that these constraints should not be imposed a priori, nevertheless we find that 
these conditions are satisfied as well for all J except J = which is the Hamiltonian 
constraint and must be treated separately. 

Finally we should apply the Hamiltonian constraint with the correct shift deter- 
mined in the last section, namely H\phys) = 4:\phys). Clearly, of all the surviving 
states \N) in (4.23) this selects only the level N = A state as physical. The significance 
of this one surviving physical state is that it is created by the spacetime integral of 
the conformal weight 4 operator, : : acting on the vacuum, |0). This integrated 
operator is the only non-trivial conformal scalar one can form in this free field example. 
Indeed under the conformal transformation from fiat space to i? x S""^ given by (2.2), 
the volume element 

d'^x = e-^^dr dfl ie-^'^dtdO. (4.25) 

after analytic continuation to Lorentzian signature. Hence the integrated fiat space 
operator : : picks up a factor of e~^** when transformed to Rx and we find 

[H, j dtdQe-"^'' : :]|0) = -i J dtdQe-'^^'dt : : |0) = 4 J dtd^e'^^ : : |0) 

(4.26) 

after integration by parts. Since the time integration in (4.26) selects only the time 
dependence e^** from the normal ordered quantity : : |0), we see immediately from 
the mode expansion (4.3) that this yields precisely the physical state 

\phys) = (4o)'|0) . (4.27) 

Hence the integrated operator J d^x : : is an explicit realization in this free scalar 
theory of a weight 4 operator C4 creating a physical state in (3.1), as we discussed at 
the beginning of Section 3. 
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The fact that there is only one physical state {i.e. the "vacuum") and only one 
non-trivial invariant operator surviving the difFeomorphism constraints in the scalar $ 
theory is a reflection of the fact that there is no gravitational dynamics in this theory 
without a gravitational action. However, the correspondence of physical states with 
operators of dimension 4 is a general feature of any diffeomorphic invariant theory. The 
correspondence of scalar operators with physical states confirms the interpretation of 
the shift in the global Wheeler-DeWitt equation found in Sec. 3, and will be exploited 
further in the study of the effective theory of the conformal factor in paper II. 
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Appendix 

Because the symmetry group of is 0(4) = SU{2) x SU{2)/Z2 the finite dimensional 
irreducible representations of this group are labeled by a pair of SU (2) indices (Ji, J2) 
each taking on integer or half-integer values. The scalar harmonics on S^, denoted here 
by Yjj^ are eigenvectors of the scalar Laplacian on the sphere, 

- Ay,^ = (2 J) (2 J + 2)Y,^ = 4 J( J + i)y,^ , 

(A.l) 

M ^ (m, m') = {-J, -J), {-J +1,-J), ... ,{J,J-1), (J, J) 

and belong to the (J, J) representation of SU{2) x SU{2) with multiplicity (2J+ 1)^. 
They form a complete set in which to expand scalar functions regular on S^, are 
mutually orthogonal with respect to integration over dVL and may be normalized in the 
standard way: 

/ dnv* ,y,M = • (A.2) 

/ J'M' J J M'M \ ' 

Because is the group manifold of SU{2), the spherical harmonics may also be 
viewed as rotation matrices that map the J representation of SU (2) into itself. Hence 
the Yjj^ are proportional to the SU{2) Wigner D functions. In fact, 



Y,^ {a, 7) = ^ Di^, {a, 7) (A.3) 

in the Euler angle (a,/?, 7) parameterization of the three sphere, 

dn^ = I {da^ + d(3^ + d-f^ + 2 cos (3 da d-f) , (A.4) 

in which a and 7 have the range [0, 27r] and [0, 47r] (or vice versa), and (3 has the range 
[0,7r]. In this parameterization the volume element on is 

dn = Ida dp c?7 sin P (A. 5) 

and the volume V = 27r^. 
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From the known properties of the Wigner D functions [8] we obtain the conjugation 
relation, 

^jM = ^mYj -m where 

(A.6) 



6m = {-r- 

and the integral of three scalar harmonics, 



f rlQY* Y Y - + (2-^2 + 1) ^jm ^Jm' /a 

Js3 JM-' JiAfi J2M2 — Y (2J+1) V ^JimiJ2m2^Jim[J2m'2 ' ' ) 

in terms of two ordinary SU(2) Clebsch- Gordon coefficients Cj'^^j^^^, from which 

(4.11) of the text follows immediately. 

The four scalar harmonics at J = ^ lie in the (^, ^) representation of SU {2)xSU (2) 

which is the vector representation of 0(4), and play a distinguished role in the analysis 

of the diffeomorphism constraints. Because these four harmonics span the space of 

translations of the in its embedding R^, the gradients u>l^^ = ^iY^ satisfy the 

5M 

relations, 

ViVjY^ = -gijY^ 

AY^ =Viu'^^^ = -3Y^ , ^ ^ 

^ M ^ ^ 

which may be verified directly from the explicit representations (A. 3) and (A. 4) as well. 
Hence the four co^^^ are the four proper conformal Killing vectors of S^, 

+ VM""^ = i9ij^k^' , (A.9) 

and generate four special volume non-preserving coordinate transformations of the 
sphere. Prom this relation and the definition (2.20) one immediately derives (2.21) of 
the text and the fact that satisfy the conformal Killing equation of the full metric 
on i? X S^. Furthermore, using (A. 8) we observe that 

V,(v,F; V^F, )=V,(-F; Y^ ) (A.IO) 
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so that the quantities in parentheses are equal up to a constant. The constant may be 
evaluated by taking the volume integral of each on S^. In this way, we find 

(v,y; )(v^F, ) + y; (a.ii) 

The six Killing vectors of the sphere may also be expressed in terms of these same 
J = 2 scalar harmonics by eq. (2.17) of the text. Using this definition, the definition 
of the Lie bracket contained in eqs. (2.5) and (2.6) and the relation (A. 11), it is 
straightforward to derive the classical Lie algebra (2.24) of the conformal group of the 
Einstein universe R x S^. 

The six Killing vectors p* are actually the first non-trivial representatives of the 
transverse vector harmonic functions on the 3-sphere, which we denote generally by 
yjj^- These belong to the {J + hi ~ h) (<^~2;<^+^) representations of SU (2) x 
SU{2), so that the magnetic index A4 ranges over 2 x (2J + 2)(2J) = 8J(J+ 1) values 
and J > 3. The vector harmonics are transverse, 

^iyL = (A-12) 

and are eigenfunctions of the Laplacian on S^, 

-a:^^:^ = [4J(j + i)-i]:^^;^ . (A.13) 

At J = ^ the (1, 0) and (0, 1) representations give 3 + 3 = 6 transverse vector harmonics 
which are precisely the 6 Killing vectors of S^, 

^iPj + VjPi = , (A. 14) 

and take the special form (2.17). In this case the index M takes on the six values 
corresponding to the adjoint representation of 0(4), labeled by an anti-symmetrized 
pair of four- vector indices (Mi, M2). None of the higher J > \ vector harmonics can be 
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written as simply in terms of products of scalar harmonics and their gradients. Taking 
the divergence of the Killing equation and using [Vj, Vi]fP = RjifP = 2p* on the unit 
sphere gives 

Api + 2pi = (A. 15) 

which agrees with the eigenvalue equation (A. 13) for the J = \ vector harmonics [8]. 

All of the vector harmonics [V*^ are mutually orthogonal and may be normalized 
in the standard way, i.e. 

Together they form a complete basis for the volume preserving diffeomorphisms of the 
sphere. The Killing vectors defined by (2.17) are normalized differently, in order to 
satisfy the classical Lie algebra (2.24) and obey 

/ Pm^M^P^'^I^I "2" (^MiM3^M2M4 ^Mj -M4 -M3 ) i.^'^'^^ 
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instead of (A. 16). Finally, in deriving the quantum realization of the classical conformal 
algebra (2.24) one also encounters 



/ 



~4~'^^M4Mg i^^ Mj^M^^ M2M^ ^- M5 ^- M2 M3 ) 

+ e e S (S S -S S ) (A. 18) 

^M4M5^M5^Mg (^MjMg^MaMg ^M^ ^M2 ^- Mg ^-M2 M3 ) 
^M^^M^^Mg^MQ^-M^M^ ('^-Mi Mg '^^2^4 Af j M4 '^^2 Mg ) ^ ) 

which is evaluated by repeated use of the relations (A. 8) and (A. 11) above. 
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